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Abstract
It has recently been shown that the ten-dimensional superstring can be quantized using
the BRST operator Q =
∮
λαdα where λ
α is a pure spinor satisfying λγmλ = 0 and dα is
the fermionic supersymmetric derivative. In this paper, the pure spinor version of superstring
theory is formulated in a curved supergravity background and it is shown that nilpotency and
holomorphicity of the pure spinor BRST operator imply the on-shell superspace constraints of
the supergravity background. This is shown to lowest order in α′ for the heterotic and Type II
superstrings, thus providing a compact pure spinor version of the ten-dimensional superspace
constraints for N = 1, Type IIA and Type IIB supergravities. Since quantization is straightfor-
ward using the pure spinor version of the superstring, it is expected that these methods can also
be used to compute higher-order α′ corrections to the ten-dimensional superspace constraints.
1 Introduction
For many purposes, superstring theory is most conveniently expressed as an effective field the-
ory of its massless modes consisting of supergravity theory together with corrections arising
order by order in α′. In principle these higher order corrections can be obtained by computing
scattering amplitudes or by demanding consistency of the superstring sigma model in a curved
background. However, neither of these procedures is easy to carry out in superstring theory in
a way in which spacetime supersymmetry is guaranteed. In the Ramond-Neveu-Schwarz (RNS)
formalism, it is difficult to introduce fermionic or Ramond-Ramond background fields, while the
Green-Schwarz (GS) formalism ensures spacetime supersymmetry but is difficult to quantise.
Although the hybrid formalism for the superstring can be used to compute α′ corrections in
a manner which manifestly preserves D=2 [1], D=4 [2], or D=6 [3] super-Poincare´ covariance,
one needs a D=10 covariant formalism if one wants to describe the superstring in arbitrary
supergravity backgrounds.
In this situation, one might try to study the constraints that ten-dimensional supersymmetry
imposes on higher-order contributions to the effective action. One difficulty here is that, with
the exception of the supergravity sector of the heterotic string, it is not known how to construct
any superspace actions due to the absence of any known sets of auxiliary fields. Even in the
heterotic case, the auxiliary fields are rather complicated [4] and it is not clear how to construct
higher order actions which correspond to superstring corrections, although the R4 invariant was
discussed from this point of view in [5]. It seems that additional input apart from supersymmetry
is required. On the other hand, it has been possible to obtain information about some particular
terms, for example in the work of [6, 7, 8, 9, 10, 11, 12]. Other approaches to the problem have
involved supersymmetrisation of bosonic sigma model terms [13] for the heterotic string [14, 15],
and studying corrections to heterotic superspace constraints directly [16, 17], which has at least
been successful in incorporating anomaly terms. This work has been reviewed in [18] where string
results were used to partially construct R4 corrections in M-theory. Other recent approaches to
supersymmetrizing the R4 term in M-theory are described in [19] and [20].
The fact that one is forced to look at the equations of motion rather than Lagrangians
suggests that a way forward might be to understand the geometry behind these equations.
Many years ago, Witten showed how the N=1 D=10 superspace Yang-Mills equations can be
understood in terms of integrability along light-like lines and how this is related to κ-symmetry
of the superparticle action [21, 22]. This sort of analysis was subsequently carried out for the
heterotic [23] and IIB strings [24], and reinterpreted in terms of light-like integrability in loop
superspace in [25, 26], at least for the heterotic case.
In some related work, one of the present authors showed that light-like integrability could
be replaced by integrability along pure spinor lines, and that this can also be employed in
eleven dimensions in the context of the supermembrane [27]. A virtue of this approach is
that it is simpler than light-like integrability, but, at the time, it wasn’t entirely clear how
it was related to particle or string actions. More recently, the other author has shown that
ten-dimensional superparticles and superstrings can be effectively quantised using pure spinor
1
variables [28, 29]. These pure spinor variables can be interpreted as bosonic ghosts for a fermionic
symmetry, although it is not currently fully understood how this can be implemented in a
worldsheet reparameterization invariant fashion. Nevertheless, the final gauge-fixed action does
have manifest spacetime supersymmetry and correctly fixes the central charge to be zero. Unlike
the GS formalism, however, the pure spinor formalism has the tremendous advantage that it
can be quantised straightforwardly since the action is free in a flat background.
In this pure spinor formalism [29], the left-moving BRST operator for the heterotic super-
string is
Q =
∮
λαdα (1)
where λα is a bosonic pure spinor variable satisfying1
λαγmαβλ
β = 0 (2)
for m = 0 to 9, and dα is the worldsheet variable corresponding to the N=1 D=10 spacetime
supersymmetric derivative. In a flat background, λα and dα are holomorphic and dα satisfies
the OPE dα(y)dβ(z)→ −iα′(y− z)−1γmαβΠm where Πm = ∂xm+ i2θγm∂θ is the supersymmetric
momentum. So λγmλ = 0 implies that Q is nilpotent. A natural conjecture is that in a curved
supergravity/super-Yang-Mills background for the heterotic superstring, nilpotence and holo-
morphicity of λαdα implies the superspace equations of motion for the background superfields.
Similarly, in the pure spinor formalism for the Type II superstring, the left and right-moving
BRST operators are 2
Q =
∮
λαdα, Q¯ =
∮
λˆαˆdˆαˆ, (3)
where λα and λˆαˆ are independent pure spinor variables satisfying
λαγmαβλ
β = 0, λˆαˆγm
αˆβˆ
λˆβˆ = 0, (4)
for m = 0 to 9, and dα and dˆαˆ are worldsheet variables corresponding to the N=2 D=10
spacetime supersymmetric derivatives. In a flat background, λαdα is holomorphic and nilpotent
whereas λˆαˆdˆαˆ is antiholomorphic and nilpotent. So it is natural to conjecture that in a curved
N=2 D=10 supergravity background for the Type II superstring, the superspace equations of
motion for the background are implied by the condition that these properties of λαdα and λˆ
αˆdˆαˆ
are preserved.
In this paper, we shall verify the above conjectures to lowest order in α′ for the heterotic
and Type II superstrings in N = 1 and N = 2 supergravity backgrounds. This verification will
lead to new pure spinor versions of the superspace constraints for ten-dimensional N = 1, Type
IIA and Type IIB supergravity. These have the property that they are remarkably compact and
may be useful for studying other aspects of ten-dimensional supersymmetric theories such as
1We will use the notation where γmαβ and γ
m αβ are 16 × 16 symmetric matrices which form the off-diagonal
blocks of the 32× 32 ten-dimensional Γ-matrices in the Weyl representation.
2Throughout this paper, we will use spinor notation simultaneously for the Type IIA and Type IIB superstring
by imposing that α and αˆ denote D=10 spinors of opposite chirality for the IIA superstring and denote spinors
of the same chirality for the IIB superstring.
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harmonic superspace. Furthermore, since the superstring action is quantizable, this conjecture
can be used in principle to compute the superspace equations of motion to arbitrary order in α′.
For the N=1 D=10 supergravity/super-Yang-Mills background of the heterotic superstring,
nilpotence of λαdα will imply
λαλβTαβ
C = λαλβHαβC = λ
αλβF Iαβ = 0 (5)
where TAB
C , HABC and F
I
AB are the superspace torsion, three-form field strength and super-
Yang-Mills field strength. These equations are identical to those derived from pure spinor
integrability in [27]. Since (5) must be satisfied for an arbitrary pure spinor λα satisfying (2),
(5) implies that
(γmnpqr)
αβTαβ
C = (γmnpqr)
αβHαβC = (γmnpqr)
αβF Iαβ = 0 (6)
for any self-dual five-form direction mnpqr. Up to conventional constraints (which will be
implied by holomorphicity of λαdα), the constraints of (6) will be shown to imply the standard
N=1 supergravity/super-Yang-Mills equations of motion.
For the N=2 D=10 supergravity background of the Type II superstring, nilpotence of λαdα
and λˆαˆdˆαˆ will imply
λαλβTαβ
C = λˆαˆλˆβˆT
αˆβˆ
C = λαλˆβˆT
αβˆ
C = 0, (7)
λαλβHαβC = λˆ
αˆλˆβˆH
αˆβˆC
= λαλˆβˆH
αβˆC
= 0.
Since λα and λˆαˆ are arbitrary pure spinors satisfying (4), (7) implies that
(γmnpqr)
αβTαβ
C = (γmnpqr)
αˆβˆT
αˆβˆ
C = T
αβˆ
C = 0, (8)
(γmnpqr)
αβHαβC = (γmnpqr)
αˆβˆH
αˆβˆC
= H
αβˆC
= 0
for any self-dual five-form direction mnpqr. Up to conventional constraints (which will be
implied by holomorphicity and antiholomorphicity of λαdα and λˆ
αˆdˆαˆ), the constraints of (8)
will be shown to imply the standard Type II supergravity equations of motion. 3
In section 2 of this paper we shall use the heterotic superstring sigma model to derive a
pure spinor version of the N = 1 supergravity/super-Yang-Mills constraints, and in section 3
we shall use the Type II superstring sigma model to derive a pure spinor version of the Type
IIA and Type IIB supergravity constraints. In section 4 the pure spinor description of Type IIB
supergravity will be shown to agree with the standard Howe-West (HW) superspace description
of [30]. In section 5 we shall briefly discuss the the procedure for extending to higher order in
α′ these computations of the ten-dimensional superspace constraints.
3As will be explained in section 3, the superspace torsion TAB
C appearing in (7) and (8) is not the usual one
since some of its components depend on a “left-moving” spin connection and some of its components depend on
a “right-moving” spin connection.
3
2 Heterotic Superstring Sigma Model
In this section, the pure spinor version of the heterotic superstring will be reviewed in flat and
curved backgrounds. Nilpotence and holomorphicity of λαdα will then be shown to imply the
superspace equations of motion for the supergravity/super-Yang-Mills background.
2.1 Heterotic superstring in a flat background
In the pure spinor version of the heterotic superstring, the worldsheet variables consist of the
N = 1 D = 10 superspace variables (xm, θα, pα) for m = 0 to 9 and α = 1 to 16 where
pα is the conjugate momentum to θ
α, as well as the left-moving pure spinor ghost variable
λα and its conjugate momentum wα, the E8 × E8 or SO(32) right-moving currents J¯I , and
(b¯, c¯) right-moving Virasoro ghosts. Because λα is defined to satisfy (2), it has only eleven
independent degrees of freedom and its conjugate momentum wα is only defined up to the
gauge transformation δwα = Λm(γ
mλ)α for any Λ
m. This gauge transformation can be used to
eliminate five components of wα, so both λ
α and wα have eleven independent components.
The action and stress-tensor in a flat background is
S =
1
2πα′
∫
d2z(
1
2
∂xm∂¯xm + pα∂¯θ
α + b¯∂c¯) + Sλ + SJ , (9)
T =
1
α′
(−1
2
∂xm∂xm − pα∂θα) + Tλ, T¯ = 1
α′
(−1
2
∂¯xm∂¯xm − b¯∂¯c¯− ∂¯(b¯c¯)) + TJ , (10)
where Sλ and SJ are the actions for λ
α and JI , and Tλ and TJ are the c = 22 and c = 16
stress tensors for λα and JI . As described in [29], one can write explicit expression for Sλ and
Tλ by solving the constraint of (2) in terms of eleven chiral bosons (γ, uab) and their conjugate
momenta (β, vab) where a = 1 to 5 and uab = −uba. However, these explicit expressions will not
be necessary here. We will only need to know that Sλ is defined such that λ
α has no singular
OPE with itself and Lorentz currents Nmn can be constructed out of λα and its conjugate
momentum wα as N
mn = 12α′λγ
mnw which satisfy the OPE’s
Nmn(y)λα(z)→ 1
2
(γmn)αβ
λβ(z)
y − z (11)
Nkl(y)Nmn(z)→ η
m[lNk]n(z)− ηn[lNk]m(z)
y − z − 3
ηknηlm − ηkmηln
(y − z)2 . (12)
Similarly, the explicit expression for SJ will not be necessary and we will only need to know the
OPE
JI(y)JK(z)→ δ
IK
(y − z)2 + f
IK
L
JL(z)
(y − z) (13)
where f IKL are the E8 × E8 or SO(32) structure constants.
Physical states of the superstring are defined as vertex operators in the cohomology of the
left and right-moving BRST operators
Q =
∮
λαdα, Q¯ =
∮
(c¯T¯ + c¯∂¯c¯b¯) (14)
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where
dα = pα − i
2
γmαβθ
β∂xm +
1
8
γmαβγm γδθ
βθγ∂θδ and Πm = ∂xm +
i
2
θγm∂θ (15)
are spacetime supersymmetric and satisfy the OPE’s [32]
dα(y)dβ(z)→ −iα′(y − z)−1γmαβΠm(z), dα(y)Πm(z)→ iα′(y − z)−1γmαβ∂θβ(z). (16)
To construct the sigma model for the heterotic superstring, it will be useful to know the
integrated form of the massless supergravity and super-Yang-Mills vertex operators, VSG and
VsYM , which are
VSG =
∫
d2z(∂θαAαm(x, θ) + Π
nAnm(x, θ) + dαE
α
m(x, θ) +
1
2
NnpΩ
np
m (x, θ))∂¯x
m, (17)
VsYM =
∫
d2z(∂θαAαI(x, θ) + Π
nAnI(x, θ) + dαW
α
I (x, θ) +
1
2
NnpU
np
I (x, θ))J¯
I , (18)
where Nnp are the Lorentz currents for the pure spinor. Note that the first two terms in VSG
and VsYM are the same as in the Green-Schwarz heterotic superstring vertex operators, but the
third and fourth terms are needed for the vertex operators to be BRST invariant. These two
vertex operators can be obtained by taking the “product” of a massless open superstring vertex
operator,
Vopen =
∫
dz(∂θαAα(x, θ) + Π
nAn(x, θ) + dαW
α(x, θ) +
1
2
NnpU
np(x, θ)), (19)
with either
∫
dz¯∂¯xm or
∫
dz¯J¯I .
Using the fact that λαλβ is proportional to γαβmnpqr(λγmnpqrλ) and the OPE’s of (11) and
(16), one can check that QVSG = Q¯VSG = 0 implies that
γαβnpqrsDαAβm = 0, ∂
m(∂mAβn − ∂nAβm) = 0, (20)
Anm = − i
8
Dαγ
αβ
n Aβm, E
β
m = −
i
10
γnαβ(DαAnm − ∂nAαm), Ωnpm =
1
8
Dα(γ
np)αβE
β
m = ∂[nAp]m
(21)
where Dα =
∂
∂θα
+ i2γ
m
αβθ
β∂m is the N=1 D=10 supersymmetric derivative. Similarly, QVsYM =
Q¯VsYM = 0 implies that
γαβmnpqrDαAβI = 0, (22)
AnI = − i
8
Dαγ
αβ
m AβI , W
β
I = −
i
10
γnαβ(DαAnI −∂nAαI), UnpI = 1
8
Dα(γnp)
α
βW
β
I = ∂[nAp]I .
(23)
Equations (20) and (22) are the linearized N = 1 supergravity and super-Yang-Mills equations
of motion written in terms of the superfields Aαm and AαI , and equations (21) and (23) de-
fine the linearized supergravity and super-Yang-Mills connections and field-strengths in terms
of Aαm and AαI . For example, the on-shell graviton hnm and gluon anI are contained in
the i(γnθ)αhnm(x) and i(γ
nθ)αanI(x) components of Aαm(x, θ) and AαI(x, θ). The linearized
equations of (20)-(23) will be generalized to covariant non-linear equations in the following
subsections.
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2.2 Heterotic superstring in a curved background
The heterotic sigma model action in a curved background can be constructed by adding the
massless vertex operators of (17) and (18) to the flat action of (9), and then covariantizing with
respect to N = 1 D = 10 super-reparameterization invariance. Alternatively, one can consider
the most general action constructed from the worldsheet variables which is classically invariant
under worldsheet conformal transformations. In addition, for quantum worldsheet conformal
invariance, one needs to include a Fradkin-Tseytlin term which couples the spacetime dilaton to
the worldsheet curvature.
Using the worldsheet variables defined in the previous subsection, we can write the heterotic
sigma model action in the form
S =
1
2πα′
∫
d2z[
1
2
(GMN (Z)+BMN(Z))∂Z
M ∂¯ZN+EαM(Z)dα∂¯Z
M+ΩMα
β(Z)λαwβ ∂¯Z
M (24)
+AMI(Z)∂Z
M J¯I +WαI (Z)dαJ¯
I +
1
2
UIα
βλαwβJ¯
I +
1
2
α′Φ(Z)r + b¯∂c¯] + Sλ + SJ
where M = (m,µ) are curved superspace indices, ZM = (xm, θµ), A = (a, α) are tangent
superspace indices, Sλ and SJ are the same as in the flat action of (9), r is the worldsheet
curvature, and [GMN , BMN , EM
α,ΩMα
β, AMI ,W
α
I , UIα
β,Φ] are the background superfields.
The “metric” GMN is defined in terms of the vectorial part of the supervielbein by GMN =
EN
bEM
aηab, and we shall define EA
M to be the inverse of EM
A.
Ignoring the Fradkin-Tseytlin term
∫
d2zΦ(Z)r, (24) is the most general action with classical
worldsheet conformal invariance and zero ghost number which can be constructed from the
heterotic worldsheet variables. Note that dα carries conformal weight (1, 0), λ
α carries ghost
number +1 and conformal weight (0, 0), and wα carries ghost number −1 and conformal weight
(1, 0). Since the conjugate momentum ghost variable wα can only appear in combinations which
preserve the gauge invariance δwα = Λ
a(γaλ)α, the background superfields ΩMα
β and UIα
β must
satisfy (γbcde)β
αΩMα
β = (γbcde)β
αUIα
β = 0, i.e.
ΩMα
β = Ω
(s)
M δ
β
α +
1
2
ΩM
cd(γcd)α
β, UIα
β = U
(s)
I δ
β
α +
1
2
U cdI (γcd)α
β . (25)
It is worthwhile to pause here to say a few words about the geometry of the target space
which is implied by this action. Clearly, we identify EM
A as the usual supervielbein matrix,
BMN as the two-form potential and Φ as the dilaton. The superfield AMI is the super-Yang-Mills
potential while the superfieldsWαI and UIα
β will turn out to be related to the spinor and vector
super-Yang-Mills field strengths. The way in which the supervielbein enters into the action
indicates that the tangent space should be a direct sum of bosonic and fermionic subspaces.
This is different from the structure of the tangent space in the Green-Schwarz formalism since
the EM
α components of the super-vielbein do not appear in the GS action. So one only needs to
specify the fermionic subspace of the GS tangent space (or, dually, the bosonic subspace of the
GS cotangent space). The form of the “metric” GMN = EN
bEM
aηab shows that the structure
group in the bosonic sector is the Lorentz group while the existence of pure spinors implies that
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the fermionic structure group is the spin group times scale transformations. At this stage, the
two Lorentz groups (in the spinor and vector sectors) are independent, although later on we shall
choose a gauge with respect to one of them after which they will become identified. Note also
that the spin connection ΩMα
β appears explicitly in the action. This implies that conventional
constraints corresponding to tensorial shifts of the connection are restricted by the demand that
the BRST operator and action be unchanged.
Taking all this into account we find that, in addition to being invariant under target-space
super-reparameterizations, the action of (24) is invariant under the local gauge transformations
δEbM = ηcdΛ
bcEdM , δEM
α = ΣαβE
β
M , δΩMα
β = ∂MΣ
β
α +Σ
γ
αΩMγ
β − ΣβγΩMαγ , (26)
δWαI = Σ
γ
αW
γ
I , δUIα
β = ΣγαUIγ
β − ΣβγUIαγ , δλα = Σαγλγ , δwα = −Σγαwγ ,
where Σβα = Σ(s)δ
β
α+
1
2Σ
bc(γbc)α
β, Λbc and Σbc parameterize independent local Lorentz transfor-
mations on the vector and spinor indices, and Σ(s) parameterizes local scale transformations on
the spinor indices. Furthermore, the action of (24) and the BRST operator λαdα are invariant
under the local shift transformations
δΩ(s)α = (γc)αβh
cβ, δΩbcα = 2(γ
[b)αβh
c]β, δdα = −δΩαβγλβwγ , δUIαβ =W γI δΩγαβ, (27)
where Ωαβ
γ = EMα ΩMβ
γ , hcδ is a local gauge parameter, and the transformation of Ωαβ
γ has
been chosen such that λαδdα = 0. Note that dα can be treated as an independent variable in
the action of (24) since pα does not appear explicitly.
The first term in the first and second line of (24) is the standard heterotic GS action, but the
other terms will be needed for BRST invariance, just as in the linearized vertex operators of (17)
and (18). As will now be shown to lowest order in α′, nilpotence and holomorphicity of λαdα
implies the equations of motion for the background superfields in (24). Note that nilpotence
and antiholomorphicity of the right-moving BRST current, c¯T¯ + c¯∂¯c¯b¯, does not impose any
conditions to lowest order in α′ because the action of (24) is classically conformally invariant.
2.3 Heterotic nilpotency constraints
We shall first derive the constraints coming from nilpotency of Q =
∮
λαdα. Defining the
canonical momentum PM in the usual manner as PM = ∂L/∂(∂0Z
M ), one finds that
dα = E
M
α [PM +
1
2
BMN (∂Z
N − ∂¯ZN )− ΩMαβλαwβ −AMI J¯I ]. (28)
Using the canonical commutation relations
[PM , Z
N ] = δNM , [wα, λ
β ] = δβα, [J¯
I , J¯J ] = f IJK J¯
K , (29)
one computes that
{Q,Q} =
∮
λαλβ[Tαβ
CDC +
1
2
HαβM (∂Z
M − ∂¯ZM )−Rαβγδλγwδ − FαβI J¯I ] (30)
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where DC = E
M
C (PM−ΩMαβλαwβ−AMI J¯I). The torsions TABC , three-form HABC , curvatures
RABγ
δ, and field strengths FABI in (30) are defined by
[∇A,∇B] = TABC∇C +R(s)ABS +RABabMab +FAB IY I , HABC = 3EMA ENBEPC∂[MBNP ], (31)
where ∇A = EMA (∂M + Ω(s)M S + ΩabMMab + AMIY I), S is a scale generator which transforms
δEα
M = Λ(s)Eα
M , Mab is the Lorentz generator, Y
I is the gauge group generator and RABβ
γ =
R
(s)
AB +
1
2RAB
cd(γcd)β
γ . Note that f[AB] signifies the graded commutator, i.e. f[AB] =
1
2(fAB +
fBA) when both indices are fermionic and f[AB] =
1
2(fAB − fBA) otherwise.
So nilpotency of Q implies the constraints
λαλβTαβ
C = λαλβHαβB = λ
αλβλγRαβγ
δ = λαλβFαβI = 0 (32)
for any λα satisfying the pure spinor constraint of (2). Note that the λαλβλγRαβγ
δ = 0 constraint
is implied by λαλβTαβ
C = 0 through Bianchi identities.
As shown in [27], the constraints (32) follow from pure spinor integrability in loop superspace
and imply all the essential N=1 supergravity/super-Yang-Mills constraints. Indeed, the chirality
operator introduced in [27] in pure spinor loop superspace precisely coincides with the BRST
operator Q. So (32) implies all but the “conventional” constraints which define the vector
components of superfields in terms of their spinor components and define the spin connection
in terms of the super-vierbein. As will be shown below, these conventional constraints (up to
gauge invariances) are implied by the holomorphicity of λαdα.
2.4 Heterotic holomorphicity constraints
We shall now derive the constraints coming from holomorphicity of λαdα. Varying λ
α and its
conjugate momentum in (24) and ignoring the contribution from the Fradkin-Tseytlin term
which is higher order in α′, one obtains the equations
∂¯λα = −(ΩMβα∂¯ZM + UIβαJ¯I)λβ, ∂¯wα = (ΩMαβ ∂¯ZM + UIαβ J¯I)wβ, (33)
and varying the right-moving variables, one obtains the equations
∂J¯K = f IKJ (AMI∂Z
M +WαI dα + UIα
βλαwβ)J¯
J , (34)
where f IKJ are the Lie algebra structure constants. And by varying dα, one obtains the equation
of motion
EM
α∂¯ZM = −WαI J¯I . (35)
Finally, by computing EPα (δS/δZ
P ), one obtains the equation of motion
∂¯dα = E
P
α [(∂[PE
a
M ]E
b
Nηab + ∂[PE
a
N ]E
b
Mηab +
1
2
HPMN)∂Z
M ∂¯ZN (36)
+2(∂[PE
β
N ]dβ + ∂[PΩN ]γ
βλγwβ)∂¯Z
N − ΩPγβ ∂¯(λγwβ)−API∂J¯I
+(2∂[PAM ]I∂Z
M + ∂PW
β
I dβ + ∂PUIγ
βλγwβ)J¯
I ].
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Putting these equations together, one finds
∂¯(λαdα) = λ
α[
1
2
(Tαbc + Tαcb +Hαbc)Π
b +
1
2
(Tαβc +Hαβc)Π
β + Tαc
βdβ +Rαcβ
γλβwγ ]Π¯
c (37)
+λα[(FαbI − 1
2
W βI (Tαβb +Hαbβ))Π
b + (FαγI − 1
2
W βI Hαγβ)Π
γ ]J¯I
+λα[(∇αW βI − TαγβW γI − UIαβ)dβ + (∇αU δγI −RαβγδW βI )λγwδ]J¯I ,
where ΠA = EAM∂Z
M , Π¯A = EAM ∂¯Z
M and TABc = TAB
dηcd.
So from (37), ∂¯(λαdα) = 0 implies the constraints
Tα(ab) = Hαab = Tαβc +Hαβc = Tαc
β = 0, λαλβRαcβ
γ = 0, FαβI =
1
2
W γI Hαβγ , (38)
FαbI =W
β
I Tαβb, ∇αW βI − TαγβW γI = UIαβ, λαλβ(∇αUIβδ −RαγβδW γI ) = 0,
where λα is any spinor satisfying (2).
The constraints of (32) and (38) will now be shown to imply the correct supergravity and
super-Yang-Mills equations of motion.
2.5 N=1 supergravity/super-Yang-Mills constraints
It will be useful to first consider the supergravity constraints of (32) and (38) which have lowest
scaling dimension since the higher dimensional constraints will be implied by these constraints
through Bianchi identities. At dimension −12 , the only constraint is λαλβHαβγ = 0 which implies
that Hαβγ = 0 since there is no non-zero symmetric Hαβγ satisfying λ
αλβHαβγ = 0.
At dimension 0, the constraints λαλβTαβ
c = λαλβHαβc = 0 and Tαβ
c = −ηcdHαβd im-
ply that Tαβ
c = −ηcdHαβd = i(γd)αβf cd for some f cd . The dimension zero Bianchi identity
D(αHβγδ) = T
D
(αβHγδ)D then tells us that f
c
d is an SO(9,1) matrix times a scale factor. So using
the local spinor Lorentz and scale transformations of (26), f cd can be gauge-fixed to δ
c
d so that
Tαβ
c = −ηcdHαβd = i(γc)αβ. (39)
Note that at this point we still have one local Lorentz symmetry, acting now on both spinor and
vector indices. The connection for this symmetry is ΩM
ab. On the other hand, the fermionic
scale invariance has been fixed and so it need not be the case that other components of the
torsion should respect this symmetry.
At dimension 12 , the constraint λ
αλβTαβ
γ = 0 implies that Tαβ
γ = fγc (γc)αβ for some f
γ
c .
Using the shift symmetry of (27), fγc can be gauge-fixed to zero so that Tαβ
γ = 0. The other
dimension 12 constraints, Hαcd = Tα(cd) = 0, imply through the Bianchi identity ∇(αTβγ)c =
−T(αβDTγ)Dc that Tγbc = 2ηcd(γbd)αβΩ(s)β .
At dimension one, the constraint Tcα
β = 0 decomposes into
Tcα
β = T defgc (γdefg)α
β + T dec (γde)α
β + Tcδ
β
α = 0. (40)
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The constraints Tc = 0 and T
de
c = 0 determine the vector components of the spin connections
Ω
(s)
c and Ωc
de, whereas the constraint T defgc = 0 is implied by the Bianchi identity (∇H +
TH)bcαγ(γ
bdefg)αγ = 0. Similarly, the constraints involving the curvature tensor in (32) and
(38) are implied by the Bianchi identity R[ABC]
D = ∇[ATBC]D + T[ABETC]EF .
To extract the supergravity equations unambiguously from the above constraints it is conve-
nient to reduce the structure group from Lorentz group times fermionic scale to just the Lorentz
group. The dimension zero torsions are unchanged but the dimension one-half torsion Tαβ
γ gets
amended to
Tαβ
γ → Tαβγ − 2δ(αγΩ(s)β) = −2δ(αγΩ
(s)
β) . (41)
There are corresponding changes at higher dimensions. The leading component of Ω
(s)
α is
the dilatino and to show that there are no unwanted fields one must show that this superfield
is proportional to the spinorial derivative of a scalar superfield Φ whose leading component is
the dilaton. It is straightforward to verify that this is the case, although it is necessary to go to
dimension three-halves to do so. As discussed in section 5, holomorphicity of λαdα to the next
order in α′ will imply that this scalar superfield Φ is the same superfield that appears in the
Fradkin-Tseytlin term of (24).
The above supergravity constraints therefore imply that all of the supergravity superfields
can be expressed in terms of the spinor supervielbein Eα
M , and the equation Tαβ
c = i(γc)αβ
puts EMα on-shell. Similarly, the super-Yang-Mills constraints in (32) and (38) imply that the
super-Yang-Mills superfieldsAcI ,W
α
I and UIα
β can be expressed in terms of the spinor superfield
AαI , and the equation FαβI = 0 puts AαI on-shell. So nilpotence and holomorphicity of λ
αdα
has been shown to imply the N=1 supergravity/super-Yang-Mills equations of motion to lowest
order in α′.
3 Type II Superstring Sigma Model
In this section, the pure spinor version of the Type IIA and IIB superstring will be reviewed
in flat and curved backgrounds. Nilpotence and holomorphicity of λαdα and nilpotence and
antiholomorphicity of λˆαˆdαˆ will then be shown to imply the superspace equations of motion for
the N=2 supergravity background.
3.1 Type II superstring in a flat background
In the pure spinor version of the Type II superstring, the worldsheet variables consist of the
N = 2 D = 10 superspace variables (xm, θα, pα, θˆ
αˆ, pˆαˆ) for m = 0 to 9 and α, αˆ = 1 to 16 where
pα is the conjugate momentum to θ
α and pˆαˆ is the conjugate momentum to θˆ
αˆ. For the Type
IIA superstring, α and αˆ denote SO(9,1) spinors of opposite chirality while for the Type IIB
superstring, α and αˆ denote SO(9,1) spinors of the same chirality. The pure spinor formalism
also contains the worldsheet variables λα and λˆαˆ, and their conjugate momenta wα and wˆαˆ,
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which are constrained to satisfy the pure spinor conditions
λγmλ = 0, λˆγmλˆ = 0 (42)
for m = 0 to 9. In a flat background, θα, pα, λ
α and wα are left-moving while θˆ
αˆ, pˆαˆ, λˆαˆ and
wˆαˆ are right-moving.
The action and stress-tensor in a flat background is
S =
1
2πα′
∫
d2z(
1
2
∂xm∂¯xm + pα∂¯θ
α + pˆαˆ∂θˆ
αˆ) + Sλ + Sλˆ, (43)
T =
1
α′
(−1
2
∂xm∂xm − pα∂θα) + Tλ, T¯ = 1
α′
(−1
2
∂¯xm∂¯xm − pˆαˆ∂¯θˆαˆ) + T¯λˆ, (44)
where Sλ and Sλˆ are the actions for λ
α and λˆαˆ, and Tλ and T¯λˆ are the c = 22 left and right-
moving stress tensors for λα and λˆαˆ. As in the heterotic case, the explicit form of Sλ and Sλˆ
will not be needed. We will only need to know that one can construct left and right-moving
Lorentz currents, Nmn = 12α′λγ
mnw and Nˆmn = 12α′ λˆγ
mnwˆ, which satisfy the OPE’s
Nmn(y)λα(z)→ 1
2
(γmn)αβ
λβ(z)
y − z , Nˆ
mn(y¯)λˆαˆ(z¯)→ 1
2
(γmn)αˆ
βˆ
λˆβˆ(z¯)
y¯ − z¯ , (45)
Nkl(y)Nmn(z)→ η
m[lNk]n(z)− ηn[lNk]m(z)
y − z − 3
ηknηlm − ηkmηln
(y − z)2 . (46)
Nˆkl(y¯)Nˆmn(z¯)→ η
m[lNˆk]n(z¯)− ηn[lNˆk]m(z¯)
y¯ − z¯ − 3
ηknηlm − ηkmηln
(y¯ − z¯)2 . (47)
Physical states of the superstring are defined as vertex operators in the cohomology of the
left and right-moving BRST operators
Q =
∮
λαdα, Q¯ =
∮
λˆαˆdˆαˆ (48)
where
dα = pα − i
2
γmαβθ
β∂xm +
1
8
γmαβγm γδθ
βθγ∂θδ, Πm = ∂xm +
i
2
θγm∂θ (49)
dˆαˆ = pˆαˆ − i
2
γm
αˆβˆ
θˆβ ∂¯xm +
1
8
γm
αˆβˆ
γ
m γˆδˆ
θˆβˆ θˆγˆ∂¯θˆδˆ, Π¯m = ∂¯xm +
i
2
θˆγm∂¯θˆ (50)
are spacetime supersymmetric and satisfy the OPE’s
dα(y)dβ(z)→ −iα′(y − z)−1γmαβΠm(z), dα(y)Πm(z)→ iα′(y − z)−1γmαβ∂θβ(z), (51)
dˆαˆ(y¯)dˆβˆ(z¯)→ −iα′(y¯ − z¯)−1γmαˆβˆΠ¯m(z¯), dˆαˆ(y¯)Π¯
m(z¯)→ iα′(y¯ − z¯)−1γm
αˆβˆ
∂¯θˆβˆ(z¯), (52)
To construct the sigma model for the Type II superstring, it will be useful to know the
integrated form of the massless Type II supergravity vertex operator
VSG =
∫
d2z[∂θα∂¯θˆβˆA
αβˆ
(x, θ, θˆ)+∂θαΠ¯mAαm(x, θ, θˆ)+Π
m∂¯θˆαˆAmαˆ(x, θ, θˆ)+Π
mΠ¯nAmn(x, θ, θˆ)
(53)
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+dα(∂¯θˆ
βˆEα
βˆ
(x, θ, θˆ) + Π¯mEαm(x, θ, θˆ)) + dˆαˆ(∂θ
βEαˆβ (x, θ, θˆ) + Π
mEαˆm(x, θ, θˆ))
+
1
2
Nmn(∂¯θˆ
βˆΩmn
βˆ
(x, θ, θˆ) + Π¯pΩmnp (x, θ, θˆ)) +
1
2
Nˆmn(∂θ
βΩˆmnβ (x, θ, θˆ) + Π
pΩˆmnp (x, θ, θˆ))
+dαdˆβˆP
αβˆ(x, θ, θˆ) +NmndˆαˆC
mnαˆ(x, θ, θˆ) + dαNˆmnCˆ
αmn(x, θ, θˆ) +NmnNˆpqS
mnpq(x, θ, θˆ)].
Note that the first line of VSG is the same as in the Green-Schwarz Type II superstring vertex
operator, but the other lines are needed for the vertex operator to be BRST invariant. The Type
II superstring vertex operator of (53) can be understood as the “square” of the open superstring
vertex operator of (19).
Using (42) and the OPE’s of (45) and (51), one can check that QVSG = Q¯VSG = 0 implies
that
γαβmnpqrDαAβγˆ = 0, γ
αˆβˆ
mnpqrDˆαˆAγβˆ = 0, (54)
Anγˆ = − i
8
Dαγ
αβ
n Aβγˆ , Aγn = −
i
8
Dˆαˆγ
αˆβˆ
n Aγβˆ, Amn =
1
64
DαDˆγˆγ
αβ
m γ
γˆδˆ
n Aβδˆ, (55)
and similar equations for the superfields (E,Ω, Ωˆ, P, C, Cˆ, S) in terms of A
αβˆ
. Note that Dα =
∂
∂θα
+ i2γ
m
αβθ
β∂m and Dˆαˆ =
∂
∂θˆαˆ
+ i2γ
m
αˆβˆ
θˆβˆ∂m are the N=2 D=10 supersymmetric derivatives.
Equations (54) are the linearized N = 2 supergravity equations of motion written in terms of
the superfield A
αβˆ
, and equations (55) define the linearized supergravity connections in terms
of A
αβˆ
. For example, the on-shell graviton hnm is contained in the (γ
nθ)α(γ
mθˆ)
βˆ
hnm(x) of
A
αβˆ
(x, θ, θˆ). These linearized equations will be generalized to covariant non-linear equations in
the following subsections.
3.2 Type II superstring in a curved background
The Type II sigma model action in a curved background (except for the Fradkin-Tseytlin term)
can be constructed by adding the massless vertex operator of (53) to the flat action of (43),
and then covariantizing with respect to N = 2 D = 10 super-reparameterization invariance.
Alternatively, one can consider the most general action constructed from the worldsheet variables
which is classically invariant under worldsheet conformal transformations.
Using the worldsheet variables defined in the previous subsection, we can write the Type II
sigma model action as
S =
1
2πα′
∫
d2z[
1
2
(GMN (Z) +BMN (Z))∂Z
M ∂¯ZN (56)
+EαM (Z)dα∂¯Z
M + EαˆM (Z)dˆαˆ∂Z
M +ΩMα
β(Z)λαwβ ∂¯Z
M + ΩˆMαˆ
βˆ(Z)λˆαˆwˆ
βˆ
∂ZM + Pαβˆ(Z)dαdˆβˆ
+Cβγˆα (Z)λ
αwβ dˆγˆ + Cˆ
βˆγ
αˆ (Z)λˆ
αˆwˆ
βˆ
dγ + S
βδˆ
αγˆ(Z)λ
αwβλˆ
γˆwˆ
δˆ
+
1
2
α′Φ(Z)r] + Sλ + Sλˆ
whereM = (m,µ, µˆ) are curved superspace indices, ZM = (xm, θµ, θˆµˆ), A = (a, α, αˆ) are tangent
superspace indices, Sλ and Sλˆ are the same as in the flat action of (43), r is the worldsheet
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curvature, and [GMN = ηcdE
c
ME
d
N , BMN , E
α
M , E
αˆ
M ,ΩMα
β, ΩˆMαˆ
βˆ, Pαβˆ , Cβγˆα , Cˆ
βˆγ
αˆ , S
βδˆ
αγˆ ,Φ] are the
background superfields.
If the Fradkin-Tseytlin term,
∫
d2zΦ(Z)r, is omitted (56) is the most general action with
classical worldsheet conformal invariance and zero (left,right)-moving ghost number which can
be constructed from the Type II worldsheet variables. Note that dα carries conformal weight
(1, 0), dˆαˆ carries conformal weight (0, 1), λ
α carries ghost number (1, 0) and conformal weight
(0, 0), λˆαˆ carries ghost number (0, 1) and conformal weight (0, 0), wα carries ghost number
(−1, 0) and conformal weight (1, 0), and wˆαˆ carries ghost number (0,−1) and conformal weight
(0, 1). Since wα and wˆαˆ can only appear in combinations which commute with the pure spinor
constraints of (42), the background superfields must satisfy
(γbcde)αβΩMα
β = (γbcde)αβΩˆMαˆ
βˆ = (γbcde)αβC
βγˆ
α = (γ
bcde)αˆ
βˆ
Cˆ βˆγαˆ = (γ
bcde)αβS
βδˆ
αγˆ = (γ
bcde)γˆ
δˆ
Sβδˆαγˆ = 0,
(57)
and the different components of the spin connections will be defined as
ΩMα
β = Ω
(s)
M δ
β
α +
1
2
ΩcdM (γcd)α
β , ΩˆMαˆ
βˆ = Ωˆ
(s)
M δ
βˆ
αˆ +
1
2
ΩˆcdM (γcd)αˆ
βˆ. (58)
Although the background superfields appearing in (56) look unconventional, they all have
physical interpretations. The superfields EM
A, BMN and Φ are the supervielbein, two-form
potential and dilaton superfields, Pαβˆ is the superfield whose lowest components are the Type
II Ramond-Ramond field strengths, and the superfields Cβγˆα = C γˆδ
β
α +
1
2C
γˆab(γab)
β
α and Cˆ
βˆγ
αˆ =
Cˆγδβˆαˆ +
1
2Cˆ
γab(γab)
βˆ
αˆ are related to the N=2 D=10 dilatino and gravitino field strengths. As in
the heterotic sigma model, the form of the metric in the Type II sigma model implies that the
structure group in the bosonic sector is the Lorentz group. But there are now two independent
pure spinors, so one has two independent fermionic structure groups, each consisting of the spin
group times scale transformations. One therefore has two independent sets of spin connections
and scale connections, (Ω
(s)
M ,Ω
ab
M ) and (Ωˆ
(s)
M , Ωˆ
ab
M ), which appear explicitly in the Type II sigma
model action. Finally, the background superfields Sβδˆαγˆ appearing in (56) will be related to
curvatures constructed from these spin and scale connections. Note that a similar relation
occurs in the RNS sigma model action which contains the terms
1
4πα′
∫
d2z(Ωabm(x)ψaψb∂¯x
m + Ωˆabm(x)ψ¯aψ¯b∂x
m + Sabcd(x)ψ
aψbψ¯cψ¯d) (59)
where ψa = eam(x)ψ
m, ψ¯a = eam(x)ψ¯
m, and eam(x) is the target-space vielbein.
In addition to being target-space super-reparameterization invariant, the action of (56) is
invariant under the local gauge transformations
δEbM = ηcdΛ
bcEdM , δE
α
M = Σ
α
βE
β
M , δE
αˆ
M = Σˆ
αˆ
βˆ
EβˆM , (60)
δΩMα
β = ∂MΣ
β
α +Σ
γ
αΩMγ
β − ΣβγΩMαγ , δΩˆMαˆβˆ = ∂M Σˆβˆαˆ + ΣˆγˆαˆΩˆMγˆβˆ − Σˆβˆγˆ ΩˆMαˆγˆ ,
δλα = Σαγλ
γ , δwα = −Σγαwγ , δλˆαˆ = Σˆαˆγˆ λˆγˆ , δwˆαˆ = −Σˆγˆαˆwγˆ ,
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where Σβα = Σ(s)δ
β
α +
1
2Σ
bc(γbc)α
β, Σˆβˆαˆ = Σˆ
(s)δβˆαˆ +
1
2 Σˆ
bc(γbc)αˆ
βˆ, [Λbc,Σbc, Σˆbc] parameterize inde-
pendent local Lorentz transformations on the [vector, unhatted spinor, hatted spinor] indices,
Σ(s) and Σˆ(s) parameterize independent local scale transformations on the unhatted and hatted
spinor indices, and the background superfields [Pααˆ, Cβγˆα , Cˆ
βˆγ
αˆ , S
βδˆ
αγˆ ] transform according to their
spinor indices.
Furthermore, the action of (56) and the BRST operators λαdα and λˆ
αˆdˆαˆ are invariant under
the local shift transformations
δΩ(s)α = (γc)αβh
cδ, δΩbcα = 2(γ
[b)βδh
c]δ, δdα = −δΩαβγλβwγ , (61)
δΩˆ
(s)
αˆ = (γc)αˆβˆhˆ
cδˆ, δΩˆbcαˆ = 2(γ
[b)
βˆδˆ
hˆc]δ, δdˆα = −δΩˆαˆβˆ γˆ λˆβˆwˆγˆ ,
δCβγˆα = P
δγˆδΩδα
β, δCˆ βˆγαˆ = −P γδˆδΩˆδˆαˆβˆ, δSβδˆαγˆ = Cˆ δˆκγˆ δΩκαβ + Cβκˆα δΩˆκˆγˆ δˆ
where hcδ and hˆcδˆ are independent local gauge parameters and the transformations of Ωαβ
γ and
Ωˆ
αˆβˆ
γˆ have been chosen such that λαδdα = λˆ
αˆδdαˆ = 0. Note that dα and dˆαˆ can be treated as
independent variables in (56) since pα and pˆαˆ do not appear explicitly.
The first line of (56) is the standard Type II GS action, but the other lines are needed for
BRST invariance. As will now be shown to lowest order in α′, nilpotence and holomorphicity
of λαdα and nilpotence and antiholomorphicity of λˆ
αˆdˆαˆ imply the equations of motion for the
background superfields in (56).
3.3 Type II nilpotency constraints
To analyze the conditions implied by nilpotency of Q =
∮
λαdα and Qˆ =
∮
λˆαˆdˆαˆ, it is convenient
to use the canonical momenta PM = ∂L/∂(∂0Z
M) to write
dα = E
M
α [PM +
1
2
BMN (∂Z
N − ∂¯ZN )− ΩMβγλβwγ − ΩˆMβˆγˆλˆβˆwˆγˆ ], (62)
dˆαˆ = E
M
αˆ [PM +
1
2
BMN (∂Z
N − ∂¯ZN )− ΩMβγλβwγ − ΩˆMβˆγˆ λˆβˆwˆγˆ ].
Using the canonical commutation relations
[PM , Z
N} = δNM , [wα, λβ] = δβα, [wˆαˆ, λˆβˆ] = δβˆαˆ,
one finds that
{Q,Q} =
∮
λαλβ[Tαβ
CDC +
1
2
(∂ZN − ∂¯ZN)HαβN −Rαβγδλγwδ − Rˆαβγˆ δˆλˆγˆwˆδˆ],
{Qˆ, Qˆ} =
∮
λˆαˆλˆβˆ[T
αˆβˆ
CDC +
1
2
(∂ZN − ∂¯ZN)H
αˆβˆN
−R
αˆβˆγ
δλγwδ − Rˆαˆβˆγˆ δˆλˆγˆwˆδˆ],
{Q, Qˆ} =
∮
λαλˆβˆ[T
αβˆ
CDC +
1
2
(∂ZN − ∂¯ZN)H
αβˆN
−R
αβˆγ
δλγwδ − Rˆαβˆγˆ δˆλˆγˆwˆδˆ],
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where DC = E
M
C (PM −ΩMαβλαwβ−ΩˆMαˆβˆλˆαˆwˆβˆ), TABα and RABβγ are defined using the ΩMβγ
spin connection, and TAB
αˆ and Rˆ
ABβˆ
γˆ are defined using the Ωˆ
Mβˆ
γˆ spin connection.
So nilpotency of Q and Qˆ implies that
λαλβTαβ
C = λαλβHαβB = λ
αλβRˆαβγˆ
δˆ = λαλβλγRαβγ
δ = 0, (63)
λˆαˆλˆβˆT
αˆβˆ
C = λˆαˆλˆβˆH
αˆβˆB
= λˆαˆλˆβˆRˆ
αˆβˆγ
δ = λˆαλˆβλˆγˆR
αˆβˆγˆ
δˆ = 0,
T
αβˆ
C = H
αβˆB
= λαλβRαγˆβ
δ = λˆαˆλˆβˆRˆ
γαˆβˆ
δˆ = 0,
for any pure spinors λα and λˆαˆ satisfying (42). As in the heterotic case, the nilpotency constraints
on RABC
D are implied through Bianchi identities by the nilpotency constraints on TAB
C .
As will be discussed in section 4, the constraints of (63) can be interpreted as Type II pure
spinor integrability conditions and imply all the essential Type II supergravity constraints. The
remaining conventional Type II supergravity constraints will be implied by the holomorphicity
and antiholomorphicity of λαdα and λˆ
αˆdˆαˆ.
3.4 Type II holomorphicity constraints
To derive the constraints coming from holomorphicity of λαdα and antiholomorphicity of λˆ
αdˆα,
first vary λα, wα, λˆ
αˆ and wˆαˆ in (56) to obtain the equations
∂¯λα = −(ΩMβα∂¯ZM + Cαγˆβ dˆγˆ + Sαδˆβγˆ λˆγˆwˆδˆ)λβ , (64)
∂¯wα = (ΩMα
β ∂¯ZM + Cβγˆα dˆγˆ + S
βδˆ
αγˆ λˆ
γˆwˆ
δˆ
)wβ ,
∂λˆαˆ = −(Ωˆ
Mβˆ
αˆ∂ZM + Cˆ αˆγ
βˆ
dγ + S
δαˆ
γβˆ
λγwδ)λˆ
βˆ,
∂w¯αˆ = (ΩˆMαˆ
βˆ∂ZM + Cˆ βˆγαˆ dγ + S
δβˆ
γαˆλ
γwδ)wˆβˆ .
And by computing EPα (δS/δZ
P ), one obtains the equation of motion
∂¯dα = E
P
α [(∂[PE
a
M ]E
b
Nηab + ∂[PE
a
N ]E
b
Mηab +
1
2
HPMN)∂Z
M ∂¯ZN (65)
+2(∂[PE
β
N ]dβ + ∂[PωN ]α
βλαwβ)∂¯Z
N + 2(∂[PE
βˆ
N ]dˆβˆ + ∂[P ΩˆN ]αˆ
βˆ λˆαˆwˆ
βˆ
)∂ZN
−ΩPαβ ∂¯(λαwβ)− ΩˆP αˆβˆ∂(λˆαˆwˆβˆ)
+∂PP
αβˆdαdˆβˆ + ∂PC
βγˆ
α (Z)λ
αwβ dˆγˆ + ∂P Cˆ
βˆγ
αˆ (Z)λˆ
αˆwˆ
βˆ
dγ + ∂PS
βδˆ
αγˆ(Z)λ
αwβλˆ
γˆwˆ
δˆ
].
Putting these equations together, one finds
∂¯(λαdα) = λ
α[
1
2
TαBc(Π
BΠ¯c +ΠcΠ¯B) +
1
2
HαBCΠ
BΠ¯C (66)
+TαB
βdβΠ¯
B + TαB
βˆΠB dˆ
βˆ
+ (∇αP ργˆ + Cργˆα )dρdˆγˆ +RαBγδλγwδΠ¯B + RˆαBγˆ δˆΠBλˆγˆwˆδˆ
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+∇αCδγˆβ λβwδdˆγˆ +∇αCˆ γˆρβˆ dρλˆ
βˆwˆγˆ +∇αSγδˆ
κβˆ
λκwγ λˆ
βˆwˆ
δˆ
+ (∇αCˆ γˆρ
βˆ
+ Sργˆ
αβˆ
)dρλˆ
γˆwˆ
βˆ
],
where ΠA = EAM∂Z
M , Π¯A = EAM ∂¯Z
M , TABc = ηcdTAB
d, and all superspace derivatives acting on
unhatted spinor indices are covariantized using the ΩMα
β connection while all superspace deriva-
tives acting on hatted spinor indices are covariantized using the ΩˆMαˆ
βˆ connection. Furthermore,
the torsion TAB
α and curvature RABγ
δ are defined as in (31) using the ΩMα
β connection whereas
the torsion TAB
αˆ and curvature RˆABγˆ
δˆ are defined using the ΩˆMαˆ
βˆ connection. Note that TAbc
appears only in the combination Tα(bc). This combination is independent of the spin connections
since Ω
(s)
M and Ωˆ
(s)
M only act on spinor indices and since Ω
ab
M and Ωˆ
ab
M are antisymmetric in their
vector indices.
Plugging into (66) the equations of motion which come from varying dα and dˆαˆ,
Π¯α = −Pαβˆ dˆ
βˆ
− Cˆ γˆα
βˆ
λˆβˆwˆγˆ , Π
αˆ = P βαˆdβ − Cγαˆβ λβwγ , (67)
one finds that holomorphicity of λαdα implies that
Tα(bc) = Hαcd = Hαβˆγ = Tαβc +Hαβc = Tαβˆc −Hαβˆc = 0 (68)
Tαc
β + TαγˆcP
βγˆ = Tαc
βˆ − TαγcP γβˆ = Tαβγˆ − 1
2
HαβγP
γγˆ = Tαγˆ
β = 0,
Cγβˆα +∇αP γβˆ − TαργP ρβˆ = Rˆcαβˆ γˆ + TαρcCˆ γˆρβˆ = Rˆαδβˆ
γˆ − 1
2
HαδρC
γˆρ
βˆ
= 0,
Sρδˆαγˆ + Rˆαβˆγˆ
δˆP ρβˆ +∇αCˆ δˆργˆ − TαβρCˆ δˆβγˆ = 0,
λαλβ(Rcαβ
γ + T
αδˆc
Cγδˆβ ) = λ
αλβR
δˆαβ
γ = 0,
λαλβ(∇αCδγˆβ −RακβδP κγˆ) = λαλβ(∇αSρδˆβγˆ − Rˆακˆγˆ δˆCρκˆβ −RακβρCˆ δˆκγˆ ) = 0,
where the last two lines of equations must be satisfied for any pure spinor λα. Antiholomorphicity
of λˆαˆdˆαˆ implies the hatted version of the above equations. The only subtle point is that it implies
T
αˆβˆc
−H
αˆβˆc
= Tαˆβc +Hαˆβc = 0, which together with the above equations implies that
Tαβc +Hαβc = Tαˆβˆc −Hαˆβˆc = Tαβˆc = Hαβˆc = 0. (69)
The constraints of (63) and (68) will now be shown to imply the correct Type II supergravity
equations of motion.
3.5 Type II supergravity constraints
The analysis of the Type II constraints of (63) and (68) will closely resemble the analysis of the
heterotic constraints in subsection (2.5). At scaling dimension −12 , the constraints of (63) imply
that
Hαβγ = Hαβγˆ = Hαβˆγˆ = Hαˆβˆγˆ = 0 (70)
since there is no non-zero symmetric Hαβγ and Hαˆβˆγˆ satisfying λ
αλβHαβγ = 0 and λˆ
αˆλˆβˆH
αˆβˆγˆ
=
0.
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At dimension 0, the constraints λαλβTαβ
c = λˆαˆλˆβˆT
αˆβˆ
c = 0 imply that Tαβ
c = i(γd)αβf
c
d
and T
αˆβˆ
c = i(γd)
αˆβˆ
fˆ cd for some f
c
d and fˆ
d
c . Using the dimension zero H Bianchi identities
and the local Lorentz and scale transformations of (60) for the unhatted and hatted spinor
indices independently, both f cd and fˆ
c
d can be gauge-fixed to δ
c
d. After this gauge-fixing, the
only remaining gauge invariance is a single local Lorentz invariance which acts on all spinor and
vector indices in the standard fashion. Combining with the other dimension 0 constraints of
(63) and (68), one has
Tαβ
c = −ηcdHαβd = i(γc)αβ , Tαˆβˆc = ηcdHαˆβˆd = i(γc)αˆβˆ, Tαβˆc = Hαβˆc = 0. (71)
At dimension 12 , the constraints λ
αλβTαβ
γ = 0 and λˆαˆλˆβˆT
αˆβˆ
γˆ = 0 imply that Tαβ
γ =
fγc (γc)αβ and Tαˆβˆ
γˆ = fˆ γˆc (γc)αˆβˆ for some f
γ
c and fˆ
γˆ
c . Using the shift symmetries of (27), both f
γ
c
and fˆ γˆc can be gauge-fixed to zero so that Tαβ
γ = T
αˆβˆ
γˆ = 0. The other dimension 12 constraints,
Hαcd = Tα(cd) = Tαβ
γˆ = T
αβˆ
γ = 0, (72)
Hαˆcd = Tαˆ(cd) = Tαˆβˆ
γ = Tαˆβ
γˆ = 0,
imply through the Bianchi identities (∇T + TT )cαβγ = 0 and (∇T + TT )cαˆβˆγˆ = 0 that
Tγb
c = 2ηcd(γbd)α
βΩ
(s)
β , Tˆγˆb
c = 2ηcd(γbd)αˆ
βˆΩˆ
(s)
βˆ
(73)
where Tγb
c is defined using the ΩbcM spin connection and Tˆγˆb
c is defined using the ΩˆbcM spin
connection. Furthermore, the Bianchi identities (∇T + TT )c
αβˆγˆ
= 0 and (∇T + TT )cαˆβγ = 0
imply that
Tˆαb
c = Tαˆb
c = Ω
(s)
αˆ = Ωˆ
(s)
α = 0 (74)
where Tˆαb
c is defined using the ΩˆbcM spin connection and Tαˆb
c is defined using the ΩbcM spin
connection.
At dimension one, the constraint Tcα
β = Tcαˆ
βˆ = 0 decomposes into
Tcα
β = T defgc (γdefg)α
β + T dec (γde)α
β + Tcδ
β
α = 0, (75)
Tcαˆ
βˆ = Tˆ defgc (γdefg)αˆ
βˆ + Tˆ dec (γde)αˆ
βˆ + Tˆcδ
βˆ
αˆ = 0.
The constraints Tc = Tˆc = 0 and T
de
c = Tˆ
de
c = 0 determine the vector components of the spin
connections Ω
(s)
c , Ωˆ
(s)
c , Ωc
de and Ωˆc
de, whereas the constraint T defgc = Tˆ
defg
c = 0 is implied by
the Bianchi identities (DH + TH)bcαγ(γ
bdefg)αγ = 0 and (DH + TH)bcαˆγˆ(γ
bdefg)αˆγˆ = 0. The
constraints Tαc
βˆ = (γc)αγP
γβˆ and Tαˆc
β = (γc)αˆγˆPˆ
βγˆ for some P γβˆ and Pˆ βγˆ are implied by the
Bianchi identities (∇T + TT )δˆαβγ = (∇T + TT )δαˆβˆγˆ = 0. And P
γβˆ = Pˆ γβˆ is implied by the
Bianchi identity (∇T + TT )c
αβˆc
= 0. Similarly, all other constraints in (63) and (68) are either
implied by Bianchi identities or define Cβγˆα , Cˆ
βˆγ
αˆ and S
αγˆ
βδˆ
in terms of the supervielbein.
The above constraints imply that all background superfields appearing in the action of (56)
can be expressed in terms of the spinor supervielbein EMα and E
M
αˆ . Furthermore, the constraints
Tαβ
c = i(γc)αβ , Tαˆβˆ
c = i(γc)
αˆβˆ
, T
αβˆ
c = 0 (76)
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imply the on-shell equations of motion for EMα and E
M
αˆ . So the constraints of (63) and (68) imply
the Type II supergravity equations of motion. In the following section, the above pure spinor
description of Type IIB supergravity will be related to the Howe-West (HW) description of [30].
It should similarly be possible to relate the pure spinor description of Type IIA supergravity to
the IIA superspace description of [33].
4 Relation with the SL(2, R) Covariant Description of IIB Su-
pergravity
In this section we shall demonstrate that the constraints on the torsion for IIB derived in the
preceeding section are indeed equivalent to the HW equations of motion of IIB supergravity
described in [30]. We shall do this by first showing that the latter are generated by the stan-
dard dimension zero torsion constraint and then exhibiting the explicit transformation from the
standard IIB superspace torsions to those derived above. In order to carry through the first step
we use the method of Weyl superspace and then we reduce the structure group to the Lorentz
group. In order to establish the result fully we also have to examine the scalars in the theory.
The complete IIB supergravity theory was derived from a superspace perspective in [30].
However, although complete results were given there for all of the superspace field strength
tensors, no attempt was made to identify a minimal generating set of constraints. Moreover,
the HW formalism is manifestly locally U(1) and globally SL(2,R) invariant and this is not
convenient for the applications we have in mind here. We shall work initially in an SO(2)
formalism (rather than U(1)) since this will be easier to adapt to our purposes.
For IIB superspace we use the same HW conventions as in [30], although we use γ to denote
the 16 × 16 spin matrices instead of σ. To convert SO(2) spinor indices i, j, ... to U(1) indices,
we write
vi → v± = 1√
2
(v1 ± v2) (77)
and
vi → v± = 1√
2
(v1 ∓ v2). (78)
So the metric and ǫ-tensor are
δ+− = 1, ǫ
+− = −i, ǫ+− = i, ǫ++ = i. (79)
The summation is therefore uivi = u
+v+ + u
−v−.
4 To convert SO(2) vector indices r, s, ... to
U(1) indices, we have
vr = (τr)
ijvij ↔ vij = (τ r)ijvr (80)
where
τ r =
1√
2
(σ3, σ1). (81)
4This causes a slight problem in the superspace summation convention which should be taken to be uαivαi =
uα+vα++ u
α−vα−, whereas in [30] one finds u
αvα − u
α¯vα¯. So, in converting from HW conventions to SO(2), one
has to remember to insert an extra minus sign for downstairs α− indices. This means, for example, that we must
take Tαiβj
c = iδij(γ
c)αβ since then one finds Tα+β−
c = i(γc)αβ ⇒ Tαβ¯
c = −i(γc)αβ in agreement with [30].
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We can then put
v±± =
1√
2
(v1 ± v2) (82)
for vector indices and this is consistent since (τ++)++ = 1.
In subsection (4.1), we shall first show that the equations of motion of IIB supergravity
follow (up to topological niceties) from the usual dimension zero constraint
Tαiβj
c = iδij(γ
c)αβ . (83)
We shall do this by working in Weyl superspace, i.e. we shall include a scale factor in the
structure group. Following through the consequences of this we find that the scale curvature
vanishes so that the scale connection is pure gauge. If we then take it to vanish we recover the
equations of [30]. This procedure is very similar to the approach used in [31] to prove that the
equations of motion of D = 11 supergravity follow from the standard dimension zero constraint.
Since the standard dimension zero constraint of (83) is required by the nilpotency of Q, it
then follows that the equations of motion of IIB supergravity are indeed implied in the pure
spinor formalism. However, as we have seen, there are many other equations at dimensions
greater than zero that are required to hold either by the nilpotency or by the holomorphicity of
Q. In subsection (4.2), we shall check these explicitly at dimension one-half by comparing our
results with those of section 3.
In the HW superspace description of Type IIB supergravity, SL(2,R) global symmetry is
manifest since the two scalars are described by an SO(2)\SL(2,R) coset. However, this SL(2,R)
symmetry is not manifest in the pure spinor description since the dilaton and axion do not appear
in an SL(2,R) covariant manner. In subsection (4.3), we will relate these two descriptions of
the Type IIB scalars and will show that the target-space metric appearing in the pure spinor
version of the Type IIB sigma model is in string gauge.
4.1 Weyl superspace
To get the superspace constraints under control it is useful to include a scale factor in the
connection. The structure group is then Spin(1, 9)×Spin(2)×R+. The full connection (denoted
by a tilde) is
Ω˜a
b = Ωa
b + 2δa
bΠ (84)
Ω˜αi
βj = δi
jΩα
β + δα
β(δi
jΠ+ ǫi
jΣ) (85)
where Ω,Σ,Π are respectively the connections for the Lorentz, U(1)(= Spin(2)) and scale fac-
tors. We shall use the notation Ω′ to denote the Spin(1, 9) × U(1) connection, so Ω′ ∼ Ω + Σ.
Similarly, for the curvatures we have R˜ ∼ R′+M ∼ R+M+N whereM and N are respectively
the U(1) and scale curvatures.
At dimension one-half we find, using the Bianchi identity
D˜(αiT˜βjγk)
d + T˜(αiβj
E T˜|E|γk)
d = 0 (86)
19
and the freedom to choose the dimension one-half components of the connection and the even
basis vectors Ea, that the dimension one-half component of the torsion tensor is
T˜αiβj
γk = −i(γaγa − 2δδ)(αβ)γδΛδijk (87)
where Λαijk is totally symmetric and traceless on its Spin(2) indices, while
T˜αb
c = 0. (88)
This is exactly the same as in [30], and we identify the HW spinor field Λ by
Λ =
√
2(Λ222 + iΛ111) = iΛ−−− (89)
Λ¯ =
√
2(Λ222 − iΛ111) = −iΛ+++. (90)
At dimension one one has to solve two Bianchi identities
R˜αiβj,c
d = T˜αiβj
E T˜Ec
d + T˜cαi
ǫmT˜ǫmβj
d + T˜cβj
ǫmT˜ǫmαi
d
R˜(αiβj,γk)
δl = D˜(αiT˜βjγk)
δl + T˜(αiβj
eT˜eγk)
δl + T˜(αiβj
ǫmT˜|ǫm|γk)
δl. (91)
After a long and tedious calculation one can show that the only non-zero dimension one com-
ponents of the curvature and torsion tensors are those which correspond to the dimension one
components of the IIB supergravity multiplet, that is Fabc, Pa, Gabcde together with fermion bi-
linear terms. The tensors F,P and G are asociated with the antisymmetric tensor gauge fields
of the theory and the scalar fields (Pa is essentially the derivative of the scalar fields). One also
determines the spinorial derivative of Λ and the dimension one component of the U(1) curvature
M in terms of these physical fields. Moreover, one finds that the dimension one component
of the scale curvature N vanishes, Nαiβj = 0. From this, one immediately concludes with the
aid of the scale curvature Bianchi identity, dN = 0, that the whole of N vanishes and so the
scale connection is pure gauge as anticipated. At this stage we can set the scale connection
equal to zero and recover the HW torsions and curvatures of [30]. From these results one can
then construct super extensions of F,G,P which satisfy corresponding Bianchi identities. In
particular, one can deduce the existence of the two scalar fields described by an SL(2,R)\U(1)
coset space.
4.2 Lorentz superspace
To recover the form of the torsion and curvature tensors derived from the pure spinor formalism,
we need firstly to restrict the structure group to be the ten-dimensional spin group. This means
that the components of Π and Σ will appear in the redefined torsion. Moreover, we shall choose
a different scale gauge from Π = 0 which means that Π = −dS for some scalar field S and also
that there is change of basis with respect to the HW basis, i.e. Ea = e2sEaHW , etc. Explicitly,
we have
T˜AB
C = TAB
C + 2Π[AIB]
C + 2Σ[AJB]
C (92)
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where
IA
B =
{
Ia
b = 2δa
b
Iαi
βj = δα
βδi
j
JA
B =
{
Ja
b = 0
Jαi
βj = δα
βǫi
j
(93)
and where the mixed spinor-vector components of I and J are zero. In particular, at dimension
one-half, we have
T˜αiβj
γk = Tαiβj
γk + δα
γ
(
δi
kΠβj + ǫi
kΣβj
)
+ δβ
γ
(
δj
kΠαi + ǫj
kΣαi
)
(94)
T˜αib
c = Tαib
c + 2δb
cΠαi. (95)
We shall also have to shift the Lorentz connection as
Ωαbc → Ω(1,2)αbc = Ωαbc + (γbc)αβY
(1,2)
β . (96)
The notation here is that the connection labelled i = 1, 2 will act on spinor indices with the
same internal index label. Since the two connections will be different, this procedure manifestly
breaks SO(2). For the moment we shall suppose that the vector indices are acted upon by the
original Ω. Finally, in order to make a direct comparison to the earlier results we shall have to
shift the vectorial basis Ea by
Ea → Ea + i(γa)αβχαiEβi. (97)
If we choose
Y
(1)
α1 = iΛα111,
Y
(1)
α2 = −iΛα222,
Y
(2)
α1 = −iΛα111,
Y
(2)
α2 = iΛα222,
χα1 = −iΛα111,
χα2 = −iΛα222, (98)
and if, in addition,
Σα1 = −iΛα222,
Σα2 = iΛα111,
Πα1 = − i
2
Λα111,
Πα2 = − i
2
Λα222, (99)
then we find that all components of the redefined Tαiβj
γk vanish except for
Tα1β1
γ1 = −2δ(αγΩ(s)β) ,
Tα2β2
γ2 = −2δ(αγΩˆ(s)β) (100)
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where
Ω(s)α = iΛα111; Ωˆ
(s)
α = iΛα222. (101)
If we also define new vectorial torsions with respect to the new connections Ω
(1,2)
αbc , we find
T
(1)
α1b
c = 2(γb
cΩ(s))α,
T
(1)
α2b
c = 0,
T
(2)
α1b
c = 0,
T
(2)
α2b
c = 2(γb
cΩˆ(s))α. (102)
We shall verify that equations (99) are indeed satisfied in the next section. For the moment,
assuming that they are, we are now in a position to compare directly with the dimension one-half
results coming from the pure spinor formalism. In order to do this, we remove the fermionic scale
connection from the type II structure group. After identifying the indices (α1, α2) = (α, αˆ), we
find that the only non-vanishing components of the redefined torsion with three spinorial indices
are those of (100). The vectorial torsions, which do not need to be redefined, are those of
(102). We have therefore succeeded in demonstrating that the torsions derived from the pure
spinor formalism are indeed in agreement with those of [30] after suitable field redefinitions. To
complete the picture we must verify that Π = −dS and that the expressions given for Σαi in
(99) are correct. To do this, we need to examine the scalar fields in the theory.
4.3 Scalar fields
The scalar fields take their values in the space SO(2)\SL(2,R). We describe then by a real two
by two matrix U acted on by U → hUg−1, for h ∈ SO(2), g ∈ SL(2,R). In index notation
we write UrR. Note that r is vector SO(2) index while R is an SL(2,R) doublet index. The
Maurer-Cartan form M is given by
M = dU U−1. (103)
Since it is Lie-algebra valued it can be written as
Mrs = Prs + 2ǫrsΣ (104)
where Σ is the U(1) connection of (85) and P rs is symmetric traceless, i.e. in complex notation
we have P++++ := P where P is the HW one-form defined in [30]. The Maurer-Cartan equation,
dM+M2 = 0, implies that
DP = 0 (105)
M = − i
2
P ∧ P¯ (106)
where M is the U(1) curvature tensor.
There is a HW SL(2R) doublet of three-form field strength tensors F˜R, and we define
F := U F˜ . Assuming that dF˜ = 0 we find that
DFr = Pr
sFs (107)
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As before, we can identify F−− = F
++ with the field F of [30]. In a complex basis (107) reads
DF = P ∧ F¯ (108)
as in [30].
The field U is not quite the same as the HW field V. The two are related by
U = ǫV−1ǫ. (109)
The Maurer-Cartan form is then
dU U−1 = ǫV−1dVǫ
=
(
0 1
−1 0
)(
2iΣ P
P¯ −2iΣ
)(
0 1
−1 0
)
=
(
2iΣ P¯
P −2iΣ
)
.
(110)
In the second line of (110), we have used the formula for the Maurer-Cartan form in [30] (with
Σ instead of Q), and in the final line we have the correct expression in the new conventions in
a complex basis.
In the physical gauge we can write the components of U in terms of τ := τ1+iτ2 := C0+ie−Φ
where Φ is the dilaton and Co is the axion. In the real basis we have
U = 1√
τ2
(
1 τ1
0 τ2
)
(111)
and one can check that τ has the expected transformation under SL(2,R), i.e.
τ → aτ + b
cτ + d
(112)
where g ∈ SL(2,R) is
g =
(
a −b
−c d
)
. (113)
In a complex basis (for both indices)
U = 1
2
√
τ2
(
1 + iτ¯ 1− iτ¯
1 + iτ 1− iτ
)
. (114)
If one computes the Maurer-Cartan form in this gauge one finds
P =
1
2
(dΦ + ieΦdCo) =
idτ
2τ2
, (115)
Σ =
1
4
eΦdCo. (116)
In the HW description, P++++ is related to Λjklα of (87) by
P++++ = 2Eα+Λ+++α + E
aP++++a (117)
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and τ is chiral, i.e. D¯τ = 0. This implies
Dα1Co = −e−ΦDα2 Φ (118)
Dα2Co = e
−ΦDα1 Φ (119)
Using this we can express the components of Λ as
Λα111 = − i
4
Dα1Φ, (120)
Λα222 = − i
4
Dα2Φ. (121)
We can also express the components of Σ in terms of DΦ as
Σα1 = −1
4
Dα2Φ, (122)
Σα2 =
1
4
Dα1Φ. (123)
Now earlier we found what the U(1) and scale connections had to be chosen to be at
dimension one-half in order to achieve Q-integrability. We required
Σ′α1 = −iΛ′α222, (124)
Σ′α2 = iΛ
′
α111, (125)
Π′α1 =
−i
2
Λ′α111, (126)
Π′α2 =
−i
2
Λ′α222, (127)
where Π is the scale connection and where the prime indicates the basis which is related to the
unprimed HW one by E′αi = eSEαi, E′a = e2SEa. We also required Π = −dS, since it is pure
gauge. So we can identify
S =
Φ
8
. (128)
In addition, if we compare the expressions for the components of Λ and Σ in terms of DΦ,
we see that they agree, and so everything works as expected. If we define bosonic metrics by
G = Eb ⊗ Eaηab, (129)
G′ = E′b ⊗ E′aηab, (130)
then G′ = e
Φ
2 G. This means we can identify G′ with the string metric and G with the Einstein
metric, so the conformal transformation we need to make is precisely the one which goes between
the two frames.
5 Higher Order α′ Corrections
In this paper we have verified to lowest order in α′ that nilpotence and holomorphicity of
the pure spinor BRST operator implies the superspace equations of motion for the background
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supergravity fields. The next question to investigate is how these superspace equations of motion
are modified by higher order α′ corrections to the nilpotency and holomorphicity conditions.
Since the sigma model is a free action in a flat background, one can compute these corrections
using standard sigma model methods by separating the worldsheet variables into classical and
quantum parts and expanding in normal coordinates around a flat background.
When the background fields satisfy their string-corrected equations of motion, one expects
that the β-functions of the sigma model should vanish, i.e. that the sigma model remains
conformally invariant at the quantum level. However, unlike the bosonic string sigma model,
quantum conformal invariance is not expected to imply the complete set of equations of motion
for the background fields. In addition, one needs to impose the conditions that, at the conformal
fixed point, λαdα is holomorphic and nilpotent. It should be possible to impose these nilpotence
and holomorphicity conditions perturbatively in α′ by computing contributions of the quantum
worldsheet variables and the Fradkin-Tseytlin term to the equations of motion and OPE’s of λα
and dα.
The necessity of imposing BRST nilpotence and holomorphicity can be seen at the lin-
earized level by analyzing the superstring vertex operators of (17), (18) and (53). When the
superfields in these vertex operators are on-shell to linearized order, one can check that the ver-
tex operators have no poles with the stress tensor T and therefore preserve quantum conformal
invariance. However, the condition of having no poles with T is weaker than BRST invariance
(i.e. [Qflat, V ] = 0) and does not imply the complete set of linearized on-shell conditions. Note
that Q = Qflat+ V to linearized level, so [Qflat, V ] = 0 implies that Q is nilpotent to linearized
order.
Besides the Chern-Simons modifications to the three-form field strength, the first superstring
corrections to the supergravity equations of motion are expected to come at order (α′)3, e.g. from
the R4 term. Since the supergravity equations of motion are implied by classical nilpotence and
holomorphicity of the BRST operator, one expects to see these (α′)3 corrections to the equations
at three loops in the nilpotence and holomorphicity conditions. However, already at first order
in α′, there are several non-trivial one-loop contributions to the nilpotence and holomorphicity
conditions which must be cancelled by contributions from the Fradkin-Tseytlin term and from
the Chern-Simons modification to the three-form field strength.
For example, for the heterotic superstring, the term EPα (−ΩPγβ ∂¯(λγwβ)−API∂J¯I) appear-
ing in ∂¯dα in equation (36) gets one-loop corrections from the chiral anomalies
∂J¯I =
1
2
α′∂[MA
I
N ]∂Z
M ∂¯ZN , (131)
∂¯(λγwβ) = −1
2
α′∂[MΩN ]β
γ∂ZM ∂¯ZN +
1
8
α′rδγβ (132)
where r is the worldsheet curvature and the coefficient 18α
′ in (132) can be obtained by computing
the coefficient of the triple pole of λγwβ with the pure spinor stress tensor Tλ and dividing by
25
four.5 So ∂¯dα gets a one-loop contribution
− 2α′rEPαΩ(s)P +
1
2
α′EPα (ΩPγ
β∂[MΩN ]β
γ −AIP∂[MAIN ])∂ZM ∂¯ZN . (133)
After including other one-loop contributions coming from contractions of the quantum world-
sheet variables, one expects that the second term in (133) is completed to 12α
′EPαw
(CS)
PMN∂Z
M ∂¯ZN
where
w
(CS)
PMN = 3 Tr(Ω[P∂MΩN ] +
2
3
Ω[PΩMΩN ] −A[P∂MAN ] −
2
3
A[PAMAN ]) (134)
is the Chern-Simons three-form constructed from the gauge, scale and Lorentz connections.
The first term in (133) is cancelled by the contribution from the Fradkin-Tseytlin term
1
2πα′
∫
d2z
1
2
α′rΦ(Z),
which contributes 12α
′rDαΦ to ∂¯dα. So the α
′r contribution to ∂¯dα is cancelled if the heterotic
dilaton superfield Φ is related to the scale connection Ω
(s)
P by
DαΦ = 4E
P
αΩ
(s)
P , (135)
which can be checked to imply that the metric is in string gauge.
Since ∂¯dα of (36) also contains the term
1
2E
P
αHPMN∂Z
M ∂¯ZN , the second term in (133) can
be cancelled by redefining
HPMN → HPMN − α′w(CS)PMN . (136)
As in the RNS sigma model [35], the need for redefining HPMN can also be seen by requiring
gauge invariance of the sigma model action. Because of (131) and (132), the action of (24)
is invariant under local gauge, scale and Lorentz transformations only if BMN is defined to
transform as
δBMN = α
′(∂[MA
I
N ]Λ
I − ∂[MΩ(s)N ]Λ(s) − ∂[MΩabN ]Λab) (137)
where ΛI , Λ(s) and Λab are the gauge parameters.
Similarly, for the Type II superstring, the anomalies
∂¯(λγwβ) = −1
2
α′∂[MΩN ]β
γ∂ZM ∂¯ZN +
1
8
α′rδβγ , (138)
∂(λˆγˆwˆ
βˆ
) =
1
2
α′∂[M ΩˆN ]βˆ
γˆ∂ZM ∂¯ZN +
1
8
α′rδβˆγˆ
imply from equation (65) that the Type II dilaton superfield Φ is related to the scale connections
Ω
(s)
P and Ωˆ
(s)
P by
DαΦ = 4E
P
αΩ
(s)
P , DαˆΦ = 4E
P
αˆ Ωˆ
(s)
P . (139)
One can check for the Type IIB superstring that (139) agrees with the relation found in equation
(121), which confirms that the metric is in string gauge. Furthermore, the terms in (138) suggest
that one should redefine the Type II three-form field strength as
HPMN → HPMN − α′(w(CS)PNM − wˆ(CS)PNM) (140)
5The triple pole of λγwβ with Tλ can be computed using the formulas of [34] where λ
αwα = 2α
′∂h is the ghost-
number current, Tλ =
1
10
NabN
ab
−
1
2
(∂h)2 − 2∂2h is the pure spinor stress tensor, and h(y)h(z)→ − log(y − z).
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where w(CS) is a Chern-Simons three-form constructed from the unhatted spin connections Ω
(s)
P
and ΩabP , and wˆ
(CS) is a Chern-Simons three-form constructed from the hatted spin connections
Ωˆ
(s)
P and Ωˆ
ab
P . However, since the differences of the vector components of the spin connections,
Ω
(s)
c − Ωˆ(s)c and Ωabc − Ωˆabc , are expected to vanish on-shell, the vector components of the three-
form, Habc, are not expected to be affected by (140).
It would be interesting to verify that these and other one-loop corrections to the BRST
nilpotency and holomorphicity conditions are cancelled by the Fradkin-Tseytlin term and the
Chern-Simons modifications to the three-form. It would also be interesting to verify that the
sigma model actions of (24) and (56) are indeed conformally invariant at the quantum level
when the background fields are on-shell.
Acknowledgements:
NB would like to thank CNPq grant 300256/94-9, Pronex grant 66.2002/1998-9, FAPESP
grant 99/12763-0, and the Clay Mathematics Institute for partial financial support. The research
of PSH was supported in part by PPARC SPG grant 613.
27
References
[1] N. Berkovits, S. Gukov and B.C. Vallilo, Superstrings in 2D backgrounds with R-R flux
and new extremal black holes, Nucl. Phys. B614 (2001) 195, hep-th/0107140.
[2] N. Berkovits, Covariant quantization of the Green-Schwarz superstring in a Calabi-Yau
background, Nucl. Phys. B431 (1994) 258, hep-th/9404162; N. Berkovits and W. Siegel,
Superspace effective actions for 4D compactifications of heterotic and Type II superstrings,
Nucl. Phys. B462 (1996) 213, hep-th/9510106; J. de Boer and K. Skenderis, Covariant
computation of the low energy effective action of the heterotic superstring, Nucl. Phys.
B481 (1996) 129, hep-th/9608078.
[3] N. Berkovits and C. Vafa, N=4 topological strings, Nucl. Phys. B433 (1995) 123, hep-
th/9407190; N. Berkovits, C. Vafa and E. Witten, Conformal Field Theory of AdS Back-
ground with Ramond-Ramond Flux, JHEP 03 (1999) 018, hep-th/9902098; N. Berkovits,
Quantization of the Type II superstring in a curved six-dimensional background, Nucl.
Phys. B565 (2000) 333, hep-th/9908041.
[4] P.S. Howe, H. Nicolai and A. Van Proeyen, Auxiliary fields and a superspace Lagrangian
for linearised ten-dimensional supergravity, Phys. Lett. B112 (1982) 446.
[5] B.E.W. Nilsson and A. Tollsten, Supersymmetrisation of the R4 term in superstring theo-
ries, Phys. Lett. B181 (1986) 63.
[6] C. Vafa and E. Witten, A one-loop test of string duality, Nucl. Phys. B447 (1995) 261,
hep-th/9505053.
[7] A. Strominger, Loop corrections to the universal hypermultiplet, Phys. Lett. B421 (1998)
139, hep-th/9706195.
[8] M.B. Green and M. Gutperle, Effects of D-instantons, Nucl. Phys. B498 (1997) 195, hep-
th/9701093; M.B. Green, M. Gutperle and P. Vanhove, One loop in eleven dimensions,
Phys. Lett. B409 (1997) 177, hep-th/9706175.
[9] A. Antoniadis, S. Ferrara, R. Minasian and K.S. Narain, R4 couplings in M- and type II
theories on Calabi-Yau spaces, Nucl. Phys. B507 (1997) 571, hep-th/9707013.
[10] J.G. Russo and A.A. Tsetlin, One loop four graviton amplitude in eleven dimensional
supergravity, Nucl. Phys. B508 (1997) 245, hep-th/9707134.
[11] N. Berkovits and C. Vafa, Type IIB R4H(4g−4) conjectures, Nucl. Phys. B533 (1998) 181,
hep-th/9803145.
[12] M.B. Green and S. Sethi, Supersymmetry constraints on type IIB supergravity, Phys. Rev.
D59 (1999) 046006, hep-th/9808061.
[13] M. Grisaru, A. van de Ven and D. Zanon, Four loop beta functions for the N = 1 and N = 2
supersymmetric non-linear sigma model in two dimensions, Phys. Lett. B173 (1986) 423.
28
[14] E. Bergshoeff and M. de Roo, The quartic effective action of the heterotic string and
supersymmtery, Nucl. Phys. B328 (1989) 439.
[15] M. de Roo, H. Suelmann and A. Wiedemann, The supersymmetric effective action of the
heterotic string in ten dimensions, Nucl. Phys. B405 (1993) 326, hep-th/9210099.
[16] L. Bonora, M. Bregola, K. Lechner, P. Pasti and M. Tonin, Anomaly-free supergravity and
super Yang-Mills theory in ten dimensions, Nucl.Phys. B296 (1988) 877; A discussion of
the constraints in N = 1 SUGRA-SYM in ten dimensions, Int. J. Mod. Phys. A5 (1990)
461.
[17] S. Bellucci and S.J. Gates, Jr., D=10 N=1 superspace supergravity and the Lorentz Chern-
Simons form, Phys. Lett. B208 (1988) 456.
[18] K. Peeters, P. Van Hove and A. Westerberg, Supersymmetric higher derivative actions in ten
and eleven dimensions, the associated superalgebras and their formulation in superspace,
Class. Quant. Grav. 18 (2001) 843, hep-th/0010167.
[19] M. Cederwall, U. Gran, M. Nielsen and B.E.W. Nilsson, Manifestly supersymmetric M-
theory, JHEP 10 (2000) 041, hep-th/0007035.
[20] S.J. Gates, Jr. and H. Nishino, Deliberations on 11D superspace for the M-theory effective
action, Phys. Lett. B508 (2001) 155, hep-th/0101037.
[21] E. Witten, Twistor-like transform in ten dimensions, Nucl. Phys. B266 (1986) 245.
[22] J. J. Shapiro and C. Taylor, Supergravity torsion constraints from the 10D superparticle,
Phys. Lett. B181 (1986) 67.
[23] I.L. Chau and B. Milewski, Light-like integrability and supergravity equations of motion in
D=10 N=1 superspace, Phys. Lett. B216 (1989) 330.
[24] M. Grisaru, P.S. Howe, L. Mezincescu, B.E.W. Nilsson and P.K. Townsend, N=2 super-
strings in a supergravity background, Phys. Lett. B162 (1985) 116.
[25] E. Bergshoeff, P.S. Howe, C.N. Pope, E. Sezgin and E. Sokatchev, Ten-dimensional super-
gravity from light-like integrability in loop superspace, Nucl. Phys. B354 (1991) 113.
[26] E. Bergshoeff, F. Delduc and E. Sokatchev, Lightlike integrability in loop superspace, Kac-
Moody central charges and Chern-Simons terms, Phys. Lett. B262 (1991) 444.
[27] P.S. Howe, Pure spinor lines in superspace and ten-dimensional supersymmetric theories,
Phys. Lett. B258 (1991) 141; P.S. Howe, Pure spinors, function superspaces and super-
gravity theories in ten and eleven dimensions, Phys. Lett. B273 (1991) 90.
[28] N. Berkovits, Covariant quantization of the superparticle using pure spinors, JHEP 09
(2001) 016, hep-th/0105050.
[29] N. Berkovits, Super-Poincare´ covariant quantization of the superstring, JHEP 04 (2000)
018, hep-th/0001035; N. Berkovits, Covariant quantization of the superstring, Int. J. Mod.
Phys. A16 (2001) 801, hep-th/0008145.
29
[30] P.S. Howe and P.C. West, The complete N=2 D=10 supergravity, Nucl. Phys. B238 (1984)
181.
[31] P.S. Howe, Weyl superspace, Phys. Lett. B415 (1997) 149, hep-th/9707184.
[32] W. Siegel, Classical superstring mechanics, Nucl. Phys. B263 (1986) 93.
[33] J.L. Carr, S.J. Gates, Jr. and R.N. Oerter, D=10 N=2A supergravity in superspace, Phys.
Lett. B189 (1987) 68.
[34] N. Berkovits, Relating the RNS and pure spinor formalisms for the superstring, JHEP 08
(2001) 026, hep-th/0104247.
[35] C.M. Hull and E. Witten, Supersymmetric sigma models and the heterotic string, Phys.
Lett. B160 (1985) 398.
30
